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Abstract. This paper is devoted to the description of the lack of compactness 
of the Sobolev embedding of in the critical Orlicz space It turns 

out that up to cores our result is expressed in terms of the concentration-type 
examples derived by J. Moser in j38| as in the radial setting investigated in 
[5]. However, the analysis we used in this work is strikingly different from 
the one conducted in the radial case which is based on an L°° estimate far 
away from the origin and which is no longer valid in the general framework. 
Within the general framework of H^{M?), the strategy we adopted to build 
the profile decomposition in terms of examples by Moser concentrated around 
cores is based on capacity arguments and relies on an extraction process of mass 
concentrations. The essential ingredient to extract cores consists in proving by 
contradiction that if the mass responsible for the lack of compactness of the 
Sobolev embedding in the Orlicz space is scattered, then the energy used would 
exceed that of the starting sequence. 
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1. Introduction 

1.1. Critical 2D Sobolev embedding. It is well known that H^iM?) is con- 
tinuously embedded in all Lebesgue spaces Lp(M^) for 2 < p < oo, but not in 
L°°{E}). On the other hand, it is also known (see for instance [SI EI]) that H^{E?) 
embeds in BM0(]R2) n ^^(IR^)^ ^^ere BMO{W^) denotes the space of bounded 
mean oscillations which is the space of locally integrable functions / such that 

ll/llsMO =^sup -^7 / \f-fB\dx<oo with fB^= I fdx. 
B \-d\ Jb Jb 

The above supremum being taken over the set of Euclidean balls -B, | ■ | denoting 
the Lebesgue measure. 

For the sake of geometric problems and the understanding of features of solu- 
tions to nonlinear partial differential equations with exponential growth, we in- 
vestigate in this paper the lack of compactness of Sobolev embedding of if^(]R^) 
in the Orlicz space £(]R^) (defined below) which is not comparable to BMO{M.^) 
(for a proof of this fact, one can consult [9]). Notice that the lack of compactness 
of 

was characterized in [B] using a wavelet-based profile decomposition. 

Note that in higher dimension, are available several works that highlight the 
role of the study of the lack of compactness in critical Sobolev embedding to the 
description of bounded energy sequences of solutions of nonlinear partial differ- 
ential equations. Among others, one can mention [71 [H |23l [271 EH ESI [36l HTj. 

For the convenience of the reader, let us introduce the so-called Orlicz spaces 
on W'- and some related basic facts (for a complete presentation and more details, 
we refer the reader to |39j). 

Definition 1.1. 

Let (f) : ]R+ — )■ be a convex increasing function such that 
0(0) = = lim (f){s), lim 0(s) = oo. 

We say that a measurable function m : M'^ — > C belongs to L'^ if there exists A > 
such that 

I ^f^l dx<oo. 
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1) llwlli, = inf <; A>0, / 0(^^)dx<l 



We denote then 

Iv/ll = inf / A > n. f (h I — 
Remarks 1.2. 

• It is easy to check that || • is a norm on the C-vector space L'^ which is 
invariant under translations and oscillations. In particular, we have for any 

(2) IklU-* = II |w| IIl<#' • 

• For (f){s) = s^, 1 < p < oo, L'^ is nothing else than the Lebesgue space . 

• One can easily verify that the number 1 m ([1]) may be replaced by any positive 
constant and that this changes the norm || ■ by an equivalent norm. 

In what follows we shall fix d = 2, (f){s) = e**^ — 1 and denote the Orlicz space 
L'^ by C endowed with the norm || ■ ||£ where the number 1 is replaced by the 
constant k, that will be fixed in identity below. As it is already mentioned, 
this does not have any impact on the definition of the Orlicz space. 

The 2D critical Sobolev embedding in the Orlicz space C states as follows: 

Proposition 1.3. 

(3) \\u\\c < -^=\\u\\m. 

V47r 



Let us point out that the embedding derives immediately from the following 
Trudinger-Moser inequality proved in \40\ : 

Proposition 1.4. 

(4) sup / (e^'l^l' -l) dx:=K< oo, 

and this is false for a > An. 

If we only require that ||Vm 11^2(^2) < 1 rather than Hm 11/^-1(^2) < 1, then the 
following sharp Trudinger-Moser type inequality holds: 

Proposition 1.5. A constant C exists such that 

(5) I (-TTW) - ^""ll-'-" 

for all u in if^(]R^) such that || Vm||j;,2(ir2) < 1. 
Remarks 1.6. 

• These Trudinger-Moser inequalities established in [25] will be of constant use 
along this paper. Note that a sharp form of Trudinger-Moser inequalities in 
bounded domain was obtained in [3] and a subtle improvement of these inequali- 
ties was demonstrated in [45J . For further results on the subject, see [H El [131 [13 
ITS! [211 [SSI [IS] o-nd the references therein. 
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• The injection o///^(]R^) in £(M^) is sharp within the context of Orlicz spaces. 
However, this embedding can be improved if we allow different function spaces 
than Orlicz spaces. More precisely 

(6) H^R"^) ^ BW{R^), 

where the Brezis-Wainger space BWlR"^) is defined via 



\u\\bw '■- 



log(e/t) ) j) ^ 



u\tfdt 



1/2 



where denotes the symmetric decreasing rearrangement ofu. 

The embedding ([6]) is sharper than ([3]) as BW{R?) ^ £(M^). It is also optimal 
with respect to all rearrangement invariant Banach function spaces. For more 
details on this subject, we refer the reader to [121 HH [151 EDI Ell EZ] • 
• To end this short introduction to Orlicz spaces, let us notice that the Orlicz 
space C behaves like for functions in fl (see [S] for more details). 

1.2. Development on lack of compactness of Sobolev embedding in the 
Orlicz space. The embedding ^ £ is not compact at least for two reasons. 
The first reason is the lack of compactness at infinity. A typical example is given 
by Uk{x) = ip{x + Xk) where ip G V and \xk\ — >■ oo. The second reason is of 
concentration-type derived by P.-L. Lions [Ml [35] and illustrated by the following 
fundamental example fa defined for a > by: 

if Ixl > 1, 



fa{x) 



logj£| 

\/2aTT 



if 



< 1x1 < 1, 



if < e ' 

in ifVM^l 



Indeed, it can be seen easily that /q, ^ in H^(R^) as a tends to either 
or oo. However, the lack of compactness of this sequence in the Orlicz space £ 
occurs only when a goes to infinity and we have by straightforward computations 
(detailed for instance in [9]): 

(7) \\fa\\c^^= as a oo and ||/a||£ 



as a — )■ 0, 



and that the essential contribution of H/all/: when a — >■ oo comes from the balls 
5(0, e-°). 

The difference between the behavior of these families in the Orlicz space when 
a — )■ or a — )■ oo comes from the fact that the concentration effect is only dis- 
played by this family when a — )■ oo. 



In fact, in [Ml [35]' P- "L. Lions highlighted the fact that the defect of compact- 
ness of Sobolev embedding in the Orlicz space C, under compactness at infinity. 
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is due to a concentration phenomena. More precisely, he proved the following 
result. 

Proposition 1.7. Let be a sequence in H^lM."^) such that 
Un ^ in if\ limsup ||Mri||£ := A > and lim limsup ||Mn||L2(|a;|>R) = . 

Then, there exists a point xq G and a constant c > such that 

(8) \Vunix)\'^ dx ^ fi > c5xo, as n oo, 
weakly in the sense of measures. 

Remarks 1.8. 

• The hypothesis of compactness at infinity 

(9) lim limsup ||u„||l2(|^|>^) = 

is necessary to get (jS]). For instance, m„(x) = ^e~l»l^ satisfies \\un\\L2 = ^J\, 
||Vm„||l2 — )• and \un\c. > \f^- Indeed, 



[ e-^\y\"dy = 2n f 



2 



and the last assertion follows from the more general estimate 

1 

(10) 1= W^Wl-^ < \\u\\c ■ 

'K 



In fact by virtue of Rellich 's theorem, the compactness at infinity assumption (Q 
coupled with the boundedness in implies the strong convergence of the sequence 
(un) to zero in L^. 

• Let us notice that in the case where 

(11) |Vu„(x)p(ix c6xo, as —7- oo 

weakly in the sense of measures, we have compactness in the Orlicz space away 
from the point xq. More precisely, we have the following lemma: 

Lemma 1.9. Let (m„) be a bounded sequence in H^{M.'^) weakly convergent to 
0, satisfying the hypothesis of compactness at infinity and the hypothesis of 
concentration of the total mass (ITTi) . Then for any nonnegative reals M and a, 
we have 

(12) [ /'el"""(-)l' -A dx^O, n^oo. 

J\x-xo\>M ^ ' 

Proof. For fixed M, let us consider (p G C°°(]R^) satisfying < (f < 1 and such 
that 

if \x — xo\ < Y ^-iid 

if \x — xo\ > M. 
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and ends the proof of the lemma. 



/ ('el°'^(")""(")l' - l) rfx < ||^u„||i2 ^ 0, as n ^ oo 



□ 



• In fact in [SU [35], P. -L. Lions relies the defect of compactness of Sobolev 
embedding in the Orlicz space as well as in Lebesgue spaces to concentration phe- 
nomena. Although these results are expressed in the same manner by means of 
defect measures, they are actually of different nature. Indeed, we shall prove 
in this article that the lack of compactness of Sobolev embedding in the Orlicz 
space can be described in terms of an orthogonal asymptotic decomposition whose 
elements are completely different from the ones involving in the decomposition 
derived by P. Gerard in |19] in the framework of Sobolev embedding in Lebesgue 
spaces or by S. Jaffard in [26] in the more general case of Riesz potential spaces. 

• Let us mention that the lack of compactness was also studied in [11] for a 
bounded sequence in Hq{D,M.^) of solutions of an elliptic problem, with D the 
open unit disk ofM? and in ^43j and [42j for the critical injections ofW^''^{Q) in 
Lebesgue space and of W^'''^{fl) in Lorentz spaces respectively, with Q a bounded 
domain o/M'^. Similarly, the issue was addressed in [41j in an abstract Hilbert 
space framework and in [lOj in the Heisenberg group context. 

• Recently in [B], the wavelet-based profile decomposition introduced by S. Jaffard 
in [26] was revisited in order to treat a larger range of examples of critical em- 
bedding of functions spaces X Y including Sobolev, Besov, Triebel-Lizorkin, 
Lorentz, Holder and BMO spaces and for that purpose, two generic properties on 
the spaces X and Y was identified to build the profile decomposition in a unified 
way. ( One can consult [5] and the references therein for an introduction to spaces 
listed above). 

In hne with the resuhs of P. -L. Lions [311 ES], we investigated in [9] the 
lack of compactness of Sobolev embedding of Hl^^i^) in the Orlicz space £(M^) 
following the approach of P. Gerard in [T^ and S. Jaffard in [26] which consists 
in characterizing the lack of compactness of the critical Sobolev embedding in 
Lebesque spaces in terms of orthogonal profiles. In order to recall our result in a 
clear way, let us first introduce some objects. 

Definition 1.10. We shall denote by scale any sequence a := {an) of positive real 
numbers going to infinity and we shall say that two scales a and (3 are orthogonal 
( in short a -L /3) if 



log (/?„/«„) oo. 
We shall designate by profile any function ip belonging to the set 




LACK OF COMPACTNESS... 7 

Remarks 1.11. 

• The limitation for scales tending to infinity is justified by the behavior of \\fa\\c 
stated in ([7]). 

• The set V is invariant under positive translations. More precisely, if ip & V 
and a > then ipa{,s) := ifj^s — a) belongs to V . 

• Let us remark that each profile belongs to the Holder space C2 (M) . In particular, 
any eV is continuous. 

• It will be useful to notice that 



(13) 



— 7> as s — > and as s — )■ 00. 



Indeed, since ip' G L"^ and 



fir) dr 



^'\t) dr 



1/2 



we get the first part of the assertion f ll3l) . Similarly, for s > A we have 

1/2 



< 



+ 



which easily ensures that — )■ as s tends to 00. Now ijj being a continuous 

\ip(s)\ 

function, we deduce that the sup — — is achieved on ]0, +00 [. 



< 



^"(t) dr + 



s>0 

Finally, let us observe that for a scale a and a profile ip, if we denote by 



9a,ip (.•^j 



271 ^\ 



— log |x| 



Or 



9a,ip 9\a,'il>x ) 



then for any A > 0, 
(14) 

where ip\{t) = -^tp^Xt). 

In [9] , we established that the lack of compactness of the embedding 

can be reduced to generalization of the example by Moser. More precisely, we 
proved that the lack of compactness of this embedding can be described in terms 
of an asymptotic decomposition as follows: 

Theorem 1.12. Let (un) be a bounded sequence in H^^^{M.'^) such that 

(15) M„ - 0, 

(16) limsup = > 0, and 



(17) 



lim limsup ||M„||i2(|^|>j^) = 0. 

H^CO ri—^or, 
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Then, there exists a sequence {a^^'^) of pairwise orthogonal scales and a sequence 
of profiles (ip^^^) in V such that, up to a subsequence extraction, we have for all 
l>\, 

(18) M^) = EV^V^^^M^^ Uri^Ha:), limsup l|r(f)lU^-^0. 
Moreover, we have the following orthogonality equality 

(19) ||Vn„||i. = ^ + llVrflli. + o(l), n ^ oo. 

i=i 

Remarks 1.13. 

• iVoie that the example by Moser can be written under the form 

faAx) = \ — L 



2tt \ ar, 
where 

f if s<0, 
L(s) = Is if < s < 1, 
i 1 tf s>l. 

Let us also point out that fa„ is the minimum energy function which is equal to 
the value on the ball B{0, e~°") and which vanishes outside the unit ball (see 
Lemma 3.11 for more details). 

• The approach that we adopted to prove that result uses in a crucial way the 
radial setting and particularly the fact we deal with bounded functions far away 
from the origin thanks to the well known radial estimate (see for instance [9j for 
a sketch of proof). 

(20) \u{r)\<^=.\\u\\l4S/u\\l,. 



\un\\%-^yu^H%, 



• It should be emphasized that, contrary to the case of Sobolev embedding in 
Lebesgue spaces, where the asymptotic decomposition derived by P. Gerard in 
leads to 

E 

Theorem yields that 

(21) -> sup ( lim WqI^^'Wc 

where gL'\x) = V¥ ^^'^ 
Let us also notice that 

(22) lim 1 max ^"^^'^^''^ 



4:71 S>0 y/s 
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For a detailed proof of (^T^ and (1221) . see Propositions 1.15 and 1.18 in A 
consequence of ( 12T|) is that the first profile in Decomposition ( TTSj) can be chosen 
such that up to extraction 



(23) 



limsup \\un\\c = Aq 



lim 

n— >oo 



271 



(1) 



— log |x| 



a 



(1) 



Otherwise, under the orthogonality assumption of the scales and identity f|T4|) . we 
can suppose without loss of generality that for any j 



1 

max 



Air ^>o 



• As a by product of the above remark, it may be noted that while the energy 
of an elementary concentration gn^ remains invariant under translation of the 
profiles it is not the same for the Orlicz norm. For instance, if we consider 
the elementary concentration 




■ log |x| 



a > 



2tt \ ar, 

inferred from example by Moser fa„ by translating the profile, it comes 

1 

\\9ajc 



v/47r(a+ 1)' 
while ||/q,J|£ — )• as n tends to infinity. 

• Let us observe that each elementary concentration gn^ is supported in the unit 
ball. This is due to the fact that in the radial case, any bounded sequence in 
H^(M.'^) is compact away from the origin in the Orlicz space (see Lemma \1.9\) . 

• Taking advantage of Proposition rO|. relations f llSp and f ll9p . we deduce that 
in the case where 



(24) 



1 



where the symbol ~ means that the difference goes to zero as n tends to infinity, 
we have necessary 



Un{x) 




with 
(25) 



log |x| 



OLr. 



+ r„(x), ||r„||Hi as n oo, 



1 s 

L( — ), for some Sq > 0. 

■So ■So 
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Indeed, by virtue of fl22l) . equivalence ([21]) leads to \\un\\c ~ max ~j=^ 
Therefore thanks to ([3]), we get 



\l2 = max 



s>0 y/s 

Thus, there exists sq > such that 

II ,/|| lV^(go)l 

Since < (/o*° W d^Y^"^ , we infer that ^p' = on [so,+c>o[ and then by 

continuity ip{s) = ^/so for any s > sq. Finally, the equality case of the Cauchy- 
Schwarz's inequality 



so 



^{so) = / ^'{r)dr = / ^"{r)dr 



so 



1/2 



leads to ip{s) = for s < Sq which ends the proof of claim fl25p . 

• Condition ([23]) can be understood as a condition of concentration of the whole 
mass and plays a crucial role in the qualitative study of solutions of nonlinear 
wave equations with exponential growth (see [9j for more details). 

• Compared with the decomposition in [12], we see that there is no cores in ([TS]) . 
This is justified by the radial setting. 

• Note that up to changing the remainders, each profile may be assumed to be 
in I^(]0, +oo[). This is due to the following lemma that will be useful in the 
sequel: 

Lemma 1.14. Let eV a profile ande > 0. Then, there exists ipe ^ ^(]0, +oo[) 
such that 

Proof. Fix ip E V and e > 0. Since ip' G and T> is dense in L^, there exists 
X G P such that \\ip' — xWl"^ ^ |- Let 6q eV satisfying Oo{s) ds = 1 and set 

X = X-0^ / X{s) ds, 
Jm. 

where 6^{s) = X6o{Xs) and A is a positive constant to be chosen later. Clearly 
X E V and x{s) ds = 0. Hence, there exists a smooth compactly supported 
function whose derivative is x- Besides, straightforward computation leads to 

W - xlU^ < I + llxlUi II^oIIl2 , 

2 

which concludes the proof by choosing A = .n „n 112 • D 

• Finally, let us point out that 

(26) \Vgi^\x)\^dx->\\tP^^y\\l,5o, m V'{^^). 
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Indeed, straightforward computations give for any smooth compactly supported 
function (f 



\Vgl^\x)\M^)dx 



(i) 

2Tcan Jo Jo 



1 r'^TT 



logr 



a 



(i) 



{p{r cos^^,rsin( 



dr dO 



where 
jU) 



(i) 

2Tcan Jo Jo 



1 r2n 



UY 



- logr 



2 {p(r COS 9, r sin 9) — ip{0) 



dr d9. 



Since 



(fi{r cos 9,r sin 8)—(p{0) 



< ||Vv2||l°°; we deduce that 



2 _ (j) 
e ""ds. 



which ensures the result. 

1.3. Main results. The heart of this work is to prove that the lack of compact- 
ness of the Sobolev embedding if^(M^) £(]R^) can be reduced up to cores to 
the example by Moser. Before coming to the statement of the main theorem, let 
us introduce some definitions as in [9] and [T9] . 

Definition 1.15. A scale is a sequence a := of positive real numbers going 
to infinity, a core is a sequence x := of points in and a profile is a function 
if) belonging to the set 

P := I ^ G L2(M,e-2^rfs); ^j' G L\M), ^|]_o,,o] = o}. 

Given two scales a, a, two cores x, x and two profiles ip, ip, we shall say that the 
triplets {a,x,ip) and (a, x, '?/') are orthogonal (in short («, x, ■?/') ± i^,x,ip)) if 



(27) 



either 



log {an/ an) 



oo 



or an = ctn and 



(2 



log I Xfi Xn I 



— )■ a > with or ip null for s < a . 

Our result states as follows. 
Theorem 1.16. Let be a bounded sequence in if^(M^) such that 

(29) Un ^ 0, 

(30) limsup ||Mn||£ = Aq > and 



(31) 



lim limsup ||M„|U(|x|>i?) = 0. 
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Then, there exist a sequence of scales {a^^'^), a sequence of cores {x^^^) and a 
sequence of profiles (ijj^^'^) such that the triplets {a^-'\x are pairwise or- 

thogonal and, up to a subsequence extraction, we have for all i > 1, 
(32) 

V 27r \^ al^Z J 
Moreover, we have the following orthogonality equality 

(33) ||V«„||i. = U^i^W. + II Vr^lli. + o(l), n ^ oo. 
Remarks 1.17. 

• It may seem surprising that the elements involved in decomposition fl32p are 
similar to those that characterize the lack of compactness in the radial case. The 
idea behind it can be illustrated by the following anisotropic transform of the 
example by Moser (More general examples will be treated in Appendix \3.1\) . 

Lemma 1.18. Let us consider the sequence (m„) defined by 

Unix) = /a„(AiXi, A2X2), 

where fa„ is the example by Moser and Aj g]0, oo[, for i G {1, 2}. Then 

(34) Un X fa„ in C, 

where the symbol x means that the difference goes to zero in C as n tends to 
infinity. 

Proof of Lemma \1.18[ To go to the proof of Lemma [1.1 8[ let us first consider the 
case where Ai = A2 = A > 0, and set 

/\ [^Tf~^^sMx\\ [a^ /'-'^og\x\ 
Unix) = W — L - W — L 



271 \ Otn ' V V OLn 

where L is the profile by Moser introduced in Remarks IL13I A straightforward 
computation leads to 

||V.„||i. ^ 2||L'||i, -^fv (-121^) L' * 

"n Jo V ) \ Oln ) r 

:= 2 II L' II ^2 — ■ 
The change of variable s = — yields 



Kn = I L'(s)L'(s-^-^)ds. 



OLr. 



But, 



Kn - I Visfds 

Jr 



< IlL' II r2 IItios A L' — L'l 



I /'.2 II T log A Ij — Li 11^2 
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Since L' G L^(]R), we have for A 7^ 1 (the case A = 1 being trivial) 

IItiosaL' — L'||i2 — )■ as n — )■ 00, 

an 

which imphes that the sequence {Kn) tends to ||L'||^2 as n goes to infinity. It 
follows that f „ — )■ strongly in if^(]R^) which leads to the desired conclusion in 
that case. 



Let us now consider the general case where A2 < Ai and set 



Wn{x) = Un{x) 




log \x\ 



271 \ an 

Using the fact that the profile L is increasing, we get 

Wnix) < Wn{x) < wl{x), 

where 



/On ^ 

2tt 



wl{x) 



We deduce that for all x G 




log Ail^l 
log A2|a:;| 



2n 




■ log |x| 
an 

■ log |x| 



\wn{x)\ < \wl{x) \ + \ wl{x)\ < \wl,{x) \ + \wl{x) 

Taking advantage of invariance under modulus of the Orlicz norm ([2]) and the 
monotonicity property (see Lemma [XT]) , we conclude the proof of the lemma since 
the sequences (w^) and (w^) converge strongly to in H'^{M.'^). 

□ 



Let us point out that the elementary concentrations 



g^ix) 



a 



(i) 



27r 



log \x 



X' 



(i)i 



are completely different from the profiles involved in the characterization of the 
lack of compactness of the Sobolev embedding investigated in [6], [19] and [26]. In 
fact, we can prove that for any < a < b and any sequence {hn) of nonnegative 
real numbers 



(35) 



'a<hn\i,\<b 

Actually, the scales an"* do not correspond to scales in the point of view of frequen- 
cies as for the profiles describing the lack of compactness of H^{W^) ^ U'{E.'^) 
in [IS] or of H^{m?) ^ BMO{R'^) in ^. It was emphasized in [IS] that the 
characteristic of being without scales in the sense of f l5^ is measured using the 
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Besov norm -B200 precise definition of Besov spaces is available for instance 
m [5]j. We deduce that 

2,00 

• Now in our context, the scales correspond to values taken by the functions gn^ 
in consistent sets of size. More precisely, saying that an is a scale for Un means 
that Un > Cy/a^ on a set En of Lebesgue measure greater than e~^"" . 

• It will be useful later on to observe that if \\wn\\c 0, then for any scale an, 
any positive constant C and any ball _B(x„,e~"") the sets 

Fn := |x G M'; \wn{x)\ > C^'j 

satisfy 

(36) — — — r; )■ 0, as n ^ 00, 

|5(x„,e-"")| 

where \ ■ \ denotes the Lebesgue measure. Indeed if \\wn\\c 0, then for any 
e > there exists N E'R so that for n> N 

e ~ ) dx < K, 

which implies that 



-On 



and ensures the result if e is chosen small enough. 

More generally, if for n large \\Wn\\c ^ V, then for any scale a^ any positive 
constant C > \plri and any ball B{xn,e~"") 

|F„n5(a;„,e-"")| 



0, as n ^ 00. 



• As well, if ||Mri||£ ^ Aq, then for any scale an and any measurable set Sn of 
Lebesgue measure \Sn\ ~ e~'^"" , the sets 



:= {xeM'; \unix)\ >mJ^^ 



with M > a/ AttcAq check 

/o^7\ \Gn n 

{67) — -— > U, as n ^ 00. 

\^n\ 

• Orthogonality hypothesis means that the interaction between the elementary 
concentrations is negligible in the energy space. Roughly speaking, condition f l28|l 
requires in the case where the cores are not sufficiently distant, namely in the 
case where _ ^°gl^"~^"l a > 0, the vanishing of one of the profiles for s < a. 
This condition is due to the fact that the parts of the elementary concentrations 
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respectively around the cores x„ and x„ resulting from the profiles for the values 
s < a interact. Nevertheless, the parts coming from the profiles for the values 
s > a do not see each other and that is why the vanishing requirement in ( 128|) 
applies only to the zone s < a. 

• The orthogonality assumption (128|) only concerns the case where the limit a is 
finite. In effect, if the cores are close enough in the sense that _ '°sl^"~^"l 
one can add them, up to a remainder term tending to zero in the energy space. 
More precisely, if we consider the elementary concentration 

- log \x 




under the assumption 
get 



.log|£n| 



(3^ 




— log \x — Xr 



Olr. 



oo, then by straightforward computations we 
— log |a;| 




dr. 



m 



• The hypothesis (13 ip of compactness at infinity in the Orlicz space ensures the 
compactness at infinity in thanks to f llOp . It is necessary to eliminate the 
lack of compactness of H^{E}) ^ C{E?) due to translations to infinity mentioned 
above and illustrated by sequences of type Un{x) = ip{x + Xn) where ^ ip E V 
and \xn\ oo. Such hypothesis allows us, up to a remainder small enough in C, 
to reduce to the case where the mass concentrations are situated in a fixed ball. 
In particular, for any fixed j , we can easily prove that the core (x^^^) is a bounded 
sequence. 

• Concerning the behavior of the Orlicz norm, we have the following result: 

Proposition 1.19. Let {a^^\ x^^\ ip^^^)i<j<i be a family of triplets of scales, cores 
and profiles such that the scales are pairwise orthogonal, and set 



Then 
(39) 



gn{x) 



\9n\\c sup 
l<j<i 




— log \x — X 



(j) 



lim 

n—^OD 



\9: 



U)\ 



a 



sup 

i<j<e 



X) 



1 



max 

s>0 



|^0-)(,)| 



• Let us mention that M. Struwe in 
functional 

E(u) = T 



1 

2 



studied the loss of compactness for the 
e^"l"l' dx, 



where n is a bounded domain in M . Also, weak continuity properties of this 
functional was recently investigated by Adimurthi and K. Tintarev in 



^ As we will see later in Appendix 13.21 property ((5^ fails for the same scale and the pairwise 
orthogonality of the couples {x!^^\ijA^^). 
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1.4. Layout of the paper. The paper is organized as foUows: in Section [21 we 
describe the algorithmic construction of the decomposition of a bounded sequence 
{un)nm in H^(M?), up to a subsequence extraction, in terms of asymptotically or- 
thogonal profiles concentrated around cores of type ^ V'( "'°'^ir""' ) 

prove 

Theorem 11.161 In the appendix [3l we deal with several complements for the sake 
of completeness: Appendix 13.11 is dedicated to the study of significant examples, 
Appendix 13.21 to the proof of Proposition 11.191 specifying the behavior of the 
decomposition by means of profiles with respect to the Orlicz norm and finally 
Appendix 13.31 to the collection of all useful known results on rearrangement of 
functions and the notion of capacity which are used in this text. 

Finally, we mention that, C will be used to denote a constant which may vary 
from line to line. We also use A < B (respectively A> B) to denote an estimate 
of the form A < CB (respectively A > CB) for some absolute constant C and 
A B ii A < B and A > 5. For simplicity, we shall also still denote by (m„) 
any subsequence of («„) and designate by o(l) any sequence which tends to as 
n goes to infinity. For two scales («„) and (/3„), we shall notice («„) ^ (/3„) if 
^ oo. 

2. Proof of the main theorem 

This section is devoted to the proof of Theorem II. 161 As it is mentioned above, 
the analysis of the lack of compactness of Sobolev embedding of H^{E}) in the 
Orlicz space is different from the one conducted in the radial setting ^ where an 
L°° estimate far away from the origin is available. Such estimate is obviously 
not valid in the general case of H'^{E?) even far away from a discrete set. To be 
convenience, it suffices to consider the following bounded sequence in H'^{E?) 

oo ^ 
k=l 

where («„) is a scale, /^^ is the example by Moser and (x^) is a sequence in 
that has accumulation points. 

2.1. The radial case. Before going into the details of the proof of Theorem 1 1.1 61 
let us brieffy recall the basic idea of the proof of Theorem 11.121 (for more details, 
one can consult [9j): through a diagonal subsequence extraction, the main step 
consists to extract a scale (a„) and a profile ip such that 

U'\\l^>CAo, 

where C is a universal constant. The extraction of the scale follows from the fact 
that for any e > 



(40) sup 

s>0 



Ao-e 



2 ^ 

' — 7- OO, n — 7- cxD, 
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with Vn{s) = M„(e~*). Property fHU]) is proved by contradiction assuming that 



sup 

s>0,neN 



Vn{s) 



Ao-e 

which ensures by virtue of Lebesgue theorem that 



s] < C < oo, 



f L\^\^ -l) dx = 2TT [ (e'^'' - l) e-^' ds 0, 

J\x\<l ^ ' Jo ^ ' 



n — > oo. 



Furthermore, taking advantage of the radial estimate fl2UI) . we deduce that the 
sequence is bounded on the set > 1} which imphes that 

I /'el^l' -\\dx< C\\un\\. . 

J\x\>l ^ ^ 



'\x\ 

In conclusion, this leads to 



limsup lltinlU ^ Aq — e, 



which is in contradiction with hypothesis flT6|) . Fixing e = Ao/2, a scale (a^) can 
be extracted such that 

^0 



^ < \Vn{an)\ < C^/a^+ o{l). 



Finally, setting 




one can prove that ipn converges simply to a profile ip. Since |V'n(l)| > CAq, we 
obtain 



CAo<mi)\= / ^'(r)dr 
which ends the proof of the main point. 



< 



L2( 



Our approach to characterize the lack of compactness in the general case of the 
Sobolev embedding 

is entirely different from the one conducted in the radial case and uses in a crucial 
way capacity arguments. 



As it was highlighted in Remarks I1.17[ the lack of compactness of the Sobolev 
embedding in the Orlicz space is due to large values of the sequences on sets 
of significant Lebesgue measure. The main difficulty consists in extracting the 
cores, which are the points about which enough mass is concentrated. To do so, 
we will use some capacity arguments and demonstrate by contradiction that the 
mass responsible for the lack of compactness can not be dispersed. 
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The proof of Theorem 1 1.1 61 is done in four steps. In the first step, using Schawrz 
symmetrization, we first study m* , the symmetric decreasing rearrangement of Un 
(for an introduction to the subject see Appendix 13.31) . Since -u* G H^^^(M?) and 
satisfies assumptions of Theorem I1.12[ it can be written as an orthogonal asymp- 
totic decomposition by means of elementary concentrations similar to examples 

' . This actually yields the 



of Moser, namely of type gn\x) = 
scales of u„ too. Then, in the second step, taking advantage of fl23|l . we reduce 
ourselves to one scale and extract the first core (xn^) and the first profile ip'"^'^ 

which leads to the extraction of the first element \f^- V'*"^'' ^ ) • This 

step constitutes the heart of the proof and relies on capacity arguments: the 
basic idea is to show that the mass does not scatter and is mainly concentrated 
around some points that will constitute the cores. In the third step, we study 
the remainder term. If the limit of its Orlicz norm is null we stop the process. 
If not, we prove that this remainder term satisfies the same properties as the 
sequence we start with which allows us to extract a second elementary concen- 
tration concentrated around a second core {xn^). Thereafter, we establish the 
property of orthogonality between the first two elementary concentrations and 
finally we prove that this process converges. 

2.2. Extraction of the scales. Using Schawrz symmetrization, we first study 
M* , the symmetric decreasing rearrangement of (see Appendix 13.31 for all 
details). Since m* G HI^^{M?) and satisfies by virtue of Proposition 13.111 the 
assumptions of Theorem II. 12[ there exists a sequence (a*^-^-*) of pairwise orthogonal 
scales and a sequence of profiles (v?'-"'^) in V such that, up to a subsequence 
extraction, we have for all £ > 1, 




limsup ||rjj^||£ 



Since m* is nonnegative, it is clear under the proof sketch presented in Section 12.11 
that the profiles v?*--''' are nonnegative. Moreover, thanks to fl23p we can suppose 
that 



An 



lim 

n— >oo 



(1) 



27r 



(1) 



log |x| 



with max 

s>0 



(p^^\l). It follows clearly that v^^^^l) = Aq and 



(41) ip^^\s) < v^V47r Ao, Ws > 0. 

Consequently, for any < £ < 1 and s < 1 — e, we get that 

v'^'\s) < {1 ~ 



(42) 
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Now, let us consider < eo < ^ to be fixed later on and denote by the set 



E: := {x e R'; g^\x) > V2a« (l - ^) Ao}, 



where gn\x) = \l tp^^^ (^W^)' '^^^'^j have the following useful result: 



Lemma 2.1. There exists an integer Nq such that for n > Nq 

(43) |KI>e"'""', 
where \ ■ \ denotes the Lehesgue measure. 

Proof. By definition, saying that x belongs to i?* is equivalent to saying that 



(1) 



— log \x 



ok 



1 / 



Since (^(1) is continuous, there exists ?7 > such that 



1| < 7/ 



-10 



Knowing that v^^^^l) = Tivr^o, we deduce that v^'^^H-^) ^ (} ~ To)v^^o 

provided that |s — 1| < 77. In other words, for e~""'*^^+^) < |x| < e~°" we 
have 



a, 



(1) 



271 



£0 
10 



Ivr Aq. 



This achieves the proof of the lemma. 



□ 



Remark 2.2. It is clear that we have shown above that there is rj > such that 
for n big enough > e~^"" (1-^). Jn fact in light of estimate P2|) . we have 

1^*1 < 2ail'(l-f ) 

2.3. Reduction to one scale. Our aim now is to reduce to one scale. For this 
purpose, we introduce, for any < a < M, the odd cut-off function 9^^ as follows 






if 


< s < a/2. 


2s — a 


if 


a/2 < s < a, 


s 


if 


a< s< M, 


M 


if 


s> M. 



The following result concerning the truncation of u„ at the scale an^ will be 
crucial in the sequel: 
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Proposition 2.3. Let be a sequence in H^lM."^) satisfying the assumptions 
of Theorem \1.16[ and define for fixed < a < M , 



27r 



27r 



Ur. 



Then for any e > 0, there exist N Efi and < a < M such that 

an' l^\ I - log \x\ 



with \\t'^\\c ^ ^ for any n > N. 



2tt 



(1) 



Proof. In light of Proposition ISTTTI m* satisfies hypothesis of Theorem II. 121 which 
allows us to find I > 1 such that 



uAx 



) = E 




(i) 



— log |a;| 



a 



(i) 



+ r(f)(x), limsup < 



5^^?(^-)(x)+r 



a; 



where (a'--'^) is a sequence of pairwise orthogonal scales and (v?*^-'^) a sequence of 
profiles in V. 



Since the cut-off function is non-decreasing, it comes in view of flllSp 



'a 



(1) 



27r 



(1) 



U„[X) 



•a 



(1) 




"n Vi=l 



27r 

We are then reduced to the proof of the following lemma. 

Lemma 2.4. Let {(y^^'')i<j<i he a family of pairwise orthogonal scales, {'{>^^^)i<j<i 
a family of profiles, and set 




(J) 



log |a;| 



where limsup^^^^ Ik" Ik ^ §■ Then, for any 1 < k < i, we have (as n ^ oo), 
(44) 

limsup \l ^7 \ \ I —FT^ Vn[X) 



2n 



a 



(k) 



log 



a 



e 

< -. 

- 2 
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In particular, the profile associated to y 0^ 



(fc) 



a/ 



2w 



m: I IS o(^w. 



Proof. For simplicity, we assume that ^ = 2 and write 




log |x| 



Otr. 




log |x| 

/3n 



+ rn(a;) , 



where (a;„) ± are two scales, yj, ip are two profiles, and ||r„||£ — )■ as n — )■ cxd. 

Let £ > to be chosen later. It suffices to prove that, for some A = A(£:) — t- 
as e goes to zero, we have (for n big enough) 



(45) 
wher^ 



' ^ ' — 1 ctx < K 



log I X I 



Or 



e' ^ 



+ W — ip 
V a„ 



log |a;| 



+ w — r„(x) 1 - e ( 

V «n 



Since ^^'''^''y^'^*''*''^ goes to zero as s tends to either or oo, there exists < sg < 5*0 
such that 

(46) |^(s)| + |^(s)| <£v^, [0, So] U [5-0,00 [. 

We first take the case 

an 



(47) 

For A > 0, we have 

e'^^'^ - 1] dx 



oo . 



I 9n(x) |2 



1] dx + 



I 9n(x) I 2 



1 ) (ia; 



where C„ 



\x 



Notice, that for x E ]R^\C„, we have y^V" (-^^) < ^A/-log and 
hence using that |G'| < 2, we get for x G ]R^\C,i: 

\gn{x)\ < 2— J=A/-log \x\ + 2|r„(x)|. 
V 27r 



Taking advantage of the fact that the elementary concentration y ^ 
is supported in the unit ball Bi, we deduce that 



log 

/3n 



Bi\C„ 



6^5^12 I log l-ll _1 I 



e^^^ - 1 Ma; 



log I X I 



For simplicity, we write Q instead of 0* 



M 
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for n sufficiently large and s small enough satisfying 8£^ < 27rA^. 
To control I„, we use that © is bounded: 











< 




e itA^ 













< TT e 'ta^ — 1 e 



-2so/3n 



^ 0. 



Now, we assume that 



(4J 



For A > 0, we have 

/ fel^l^ -l)dx ^ [ fel^l^ -l)dx+ [ fel^l^ - l) 



where X>„ = < e'^o'^" |. 



Notice, that for x G "Dn, we have 
hence using that |0'| < 2, we get for x G 'Dn'- 

£ 



i/n(a;)| < 2^=V- log kl + 2|r„(a;) 
V 27r 



It follows that 



In < 



e8^|iog|x|| 



1] dx+ I I e" A 



1 da; 



for n sufficiently big and e small enough so that Se"^ < 27rA^. 

To control the integral J^, we use that for x G M^\2?„ and n large enough, we 
have < 5o— ^ 0. Thus 



— log |x| 
an 



-log 



< e 



^0/ 



Let Ml — sup Using the fact that © is non-decreasing, |©(s)| < |s| and 

s<So 



we infer 

\9n{x)\ < 



\e{si + S2 + S3)| < |©(3Si)| + |©(3S2)| + |0(3S3)|, 



© 3Mr 




6|rn(a;)| = 6|r„(a;)|, 
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for n large enough. The conclusion follows at least for I = 2. 

To extend this proof to the case / > 3, we can without loss of generality 
assume that -jjttj ~^ when n goes to infinity, 1 < j < / — 1. We also assume 
that 1 < A; < / otherwise we need only one splitting as in the case / = 2. Now, 
we have just to combine the two previous cases by introducing 

r (fc+i) "1 r c C^-i) "I 

Cn = [\x\< e-'°"" |, and P„ = < e"^""" |, 

where < sq < 5'o are such that 

(49) \^^'\s)\ <e^s, se [0, So] U [So, oo[, 

and split the integral into three parts: For A > 0, we denote 

[ (el^l^-l)rfx = [ (el^l^-l) /■ (el^l^-l)(ix 

n 

The rest of the proof combines the previous two cases. We have, therefore, com- 
pleted the proof of Lemma 12.41 □ 



Invoking Lebesgue theorem and Theorem 6.19 page 154 in [32|, we find that 
G^((/?'^-^)) goes to >~p^^^ in V when a goes to zero and M goes to infinity. Indeed 



if 


y,«'(s) 


2 r 

ds = 








J{^W{s)=0} 





ds 



+ 



ds . 



'{|^(i)(s)|>0} 

The first integral vanishes since ip^^^'{s) = for almost s in the set {(p^^\s) = 0}, 
while the second integral can be dealt using the simple convergence of the sequence 
((9^)' [y^'-^^s)) - l) to zero when (a, M) goes to (0, oo) and the fact that 



V.«'(.) 



< 



Finally, as the function B*^ vanishes at 0, we easily get 



-2s 



ds ^0. 



The proof of Proposition 12.31 is then achieved. 



□ 
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2.4. Extraction of the cores and profiles. 

2.4.1. Extraction of the first core. Due to the previous subsection and estimates 
(l36l) - (l37j) . it is enough to make the extraction from m^^. Ignoring the rest term, 
we are reduced to studying the case of a sequence Un satisfying 




(50) <(x) = 

and such that |<^W| is bounded by M. This assumption will only be made in 
this subsection. Our approach to extract cores and profiles relies on a diagonal 
subsequence extraction and the heart of the matter is reduced to the proof of the 
following lemma: 

Lemma 2.5. Under the above notation, there exist So > and Ni such that 
for any n> Ni there exists x„ such that 

(.U \EnnB{x^,e-''"'^')\ ^ , 

(51) rrr, > f^o^o^ 



where En := |x G M^; |m„(x)| > y 2ai^^ (l - f§) Aoj, S(x„, e"''"" ^) designates 

the ball of center Xn and radius e " with 6 = 1 — 2eo and \ ■ \ still denotes the 
Lebesgue measure. 

Proof. Let us assume by contradiction that (15T|) does not hold. Consequently, up 
to a subsequence extraction, we have for any 5 > 0, n G N and x G 



\En n B(x,e 



-bal 



2 



(52) ^ ^ < 6 A, . 

\^n\ 

In particular, inequality f l32]) occurs for any ball centered at a point belonging to 

Tn ■= (e~^""^Z) X (e^''""^Z). It will be useful later on to notice that the balls 

B{x,e~''""^) constitute a covering of when the point x varies in T„ and that 
each point of belongs at most to four balls among 

B„:= {i?(x,e-''""'), xeTn]. 

This implies in particular that 

(53) l|VMn||i2(K2) >\Y1 ll^""lli2(B) • 

Bei3„ 

Now, our goal is to get a contradiction by proving that for 6 small enough the 



sum I ^Bgg^^ ll^^n|lL2(B) exceeds the energy of 



Ur, 



For this purpose, let us first estimate the energy of u„ on each ball B G 
making use of capacity arguments. To do so, we shall take advantage of the fact 
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that the values of \un\ on B varies at least from y 2an^ ^1 — yq j on iJ^ fl B to 

2an ^1 — Y j Ao on a set of Lebesgue measure greater than for all n > N^g, 

where N^^ is an integer big enough which only depends on Eq. 
Indeed, by definition of En, we have 



Besides, thanks to fHTl) and fH2l) . we get that for any s < 1 — Eq 
(54) ¥,«(s)<(l-|)v^Ao. 
Thus, if we designate by H* the set 



we obtain in view of (ISO]) and that C 5(0, e"*^^"^"-*""') which implies that 
\H*\ < 7re~2(i-^o)an\ ^vVg deduce, by virtue of Proposition 13.101 that the set 



i/„, := <! X G |m„(x)| > V2^^ (l _ ^ ) 



is of Lebesgue measure \Hn\ = {H^l < vre <^o)a7J_ 

Since |B| = 7re~^(^~^'^o)"" and ai^"* — )■ oo as n goes to infinity, there exists N^g 
(which only depends on eq) such that the ball B contains a set B„ on which we 



have \un\ < y 2a^n^ (l - f ) Aq and so that |B„| > ^ for all n > Ne^. 



To achieve the proof of Lemma 12.51 and get a contradiction, we will estimate 
the energy of Un on the set Bn of balls B G i3„ satisfying fl B| > e~^°"" . 
Indeed by virtue of and as it was point out in Remarks I1.17[ we can reduce 
to the case where concentrations occur only in a fixed ball B{0,Rq). But, since 

we cover the ball -8(0, Rq) by at most a number of order e^^""' of balls that are 
part of the set Bn, necessary mass concentrated in En is mainly due to balls of 

Bn- In effect, the contribution of balls B G i3„ satisfying l-E^ fl B| < e~^°°" is 

_„ (1) 

at most equal toe " which is a negligible part of \En\ in view of Remark 12.21 

and Proposition 13.101 

Taking advantage of the fact that the values of on B G varies at least 



from the value y 2an^ (^1 — Aq on the set flB of Lebesgue measure greater 



than e ' to the value y 2an'' (^l — ^ j on B„ which is of Lebesgue measure 
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greater than for n > N^.^, it follows from Proposition 13.181 that 

2 1 



log 

(55) > CelAl, 

where C is an absolute constant. 

Hence, thanks to fl53l). we obtain 



g-(l-2Eo)aJj^' 

^y\En^\B\ 



(56) A\\Vu4l.^^.^>mn)CelAl 

where jj^iBn) denotes the cardinal of Bn- But by (l52i) . the covering of by i3„ 
and the fact that mass concentrated in En is mainly due to balls of Bn, we have 
necessary 

1 



#(Sn) > 



25 Al 



which yields a contradiction for 5 small enough in view of (156|) . 

2.4.2. Extraction of the first profile. Let us set 

(57) i,n{y,e) = J^vn{a^^h,e), 

V OL n 

where Vn{s,9) = (t_ (!)«„) (e~* cos 6*, e""* sin 6*) and Xn'' satisfies 



□ 



|i^.ni?(x(^\e-(^-^-o)"^^')i , 
1-"^; rrn "o"^0' 

with En defined by Lemma 12. 5[ Using the invariance of Lebesgue measure under 

translations, we get 

(59) 

l|Vu„||i. = — / / \dyMy,0)\'dyd9 + ^^ / \deMy,0)\'dyd9. 
27r Jo Jo 

Since ■* tends to infinity and (un) is bounded in if^(]R^), ( 15^ implies that 

(60) deipn -> and 

(61) dyijjn g, 

up to a subsequence extraction, in L'^{y,9) as n tends to infinity. Moreover 

(62) ^ in L\] - oo, 0] x [0, 27r]) as n ^ oo. 
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Indeed, we have 



f27r 

\Un\\l2 = I I \Vn{s,e)\\-^' dsde 




^ / r\My,o)\'e-'-"'^dyde 







rjlh2 ,0 r2n 



oo JQ 



> I I \My,o)\'dyde, 



which ends the proof of (162|1 . 

The following lemma summarizes the principle properties of the function g 
given above by I ET\i . 



Lemma 2.6. The function g given by f l6T|) only depends on the variable y and is 
null on] — oo, 0]. Besides, we have 

(63) ^ f {iJn{y2, 0) - Myi, 0)) dd ^ f 9{y) dy, 



yi 



for any 1/1,7/2 G M, as n tends to infinity. 



Proof of Lemma \2.6[ Let us go to the proof of the fact that the function g only 
depends on the variable y. First, by f l60|) . dgipn — > in L^{y,9) and hence we 
have dy{d0ipn) — )■ in V . Second, under f ET]) . dyipn g in V which implies 
that dg{dyipn) dgg in V. Therefore, we deduce that dgg = 0. The fact that 
(/ = on ] — 00, 0] derives from 



Now, taking advantage of the fact that dyipn ^ (/ in as n tends to infinity, 
we get for any yi < y2, 



i'y2 

{dytpn, l[j/i,j/2]) 27r / g{y) dy. 



yi 



But, 



/ / dyi!n{y,0)dyde 



Jyi 

iMy2,o)-MyuO))de. 

This leads to §3^). □ 
Before extracting the first profile, let us begin by establish the following lemma: 



Lemma 2.7. The function Fn{y) = J^^ ipn{y,0) dO is continuous 



on 



28 HAJER BAHOURI, MOHAMED MAJDOUB, AND NADER MASMOUDI 

Proof of Lemma \2. 7\ By Cauchy-Schwarz's inequality, we get for yi and 1/2 in 



2 1 Z'^'' I 



9)-My2,0)rd9. 



But, 



y2 
yi 



< V\ 



y2 



yi - y2\ 



\dy'ipniT,9)\ dr 



yi 



Therefore 



/»27r i'y2 

\Fniyi) - Fniy2)\^ < —\y^ - y^l / \dyipnir,9)\'^ dTd9 <C\yi~y2\ 

^TT Jo Jyi 

which imphes that the sequence is uniformly in n in the Holder space 



□ 



Let us now introduce the function 



(64) 



i^^'\y)= I 9{r)dT. 



Our goal in what follows is to prove the following proposition: 

Proposition 2.8. The function 'ip^'^^ defined by (l64l) belongs to the set of profiles 
V. Besides for any y eM., we have 

(65) 1. j%^^y^0)d9^ij^'\y), 

as n tends to infinity and there exists an absolute constant C so that 

(66) IIV^W'IU^ >CAo. 

Remark 2.9. Let us point out that by virtue of the convergence properties fl60|l 
and (IMj) ■ the sequence {^'ipn{y,9)) converges weakly to ip^^\y) in L^(]R x [0,27r]) 
as n tends to infinity. In particular we have for any f G V{M.) 

^'\n{y.9)f{y)dyd9''^ [ ^^'\y) f (y) dy . 



1 

2^ 




In other words 
(67) 



T- [ r \rm ,,a)«n)(e-""'^cos^,e-""'^sin^^)/(y)rfyrf^^"-^ / i^^'\y)fiy) 
Jo y an ^ " ^ Jr 

Proof of Proposition \2. 8\ . Clearly ^p^^^ G C(]R) and ijj^^'^' = G L^(]R). Moreover, 



dy. 



since 



^(i)(y) 



ry 

/ g{r)dT < v^||^||l2( 

^0 
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we get ijj^^^ G L^(]R+, e dy). Now, using the fact that (7 = on M , we get the 
assertion ( 165|) . Indeed, by virtue of f l63|) . it suffices to prove that for any y < 0, 

1 Z"^'' 

^71" Jo 

Applying Cauchy-Schwarz's inequahty and integrating with respect to y, we 
obtain 

2 1 



Fn{y) 



dy < — ||V^n|lL2(]-oo,0]x[0,27r])' 



which imphes by virtue of fp2]) that the sequence converges strongly to in 
L^(] — 00,0]). Therefore, up to a subsequence extraction 

Fniy) — > almost every where in ] — 00, 0] . 

Taking advantage of the continuity of -F„, we deduce that for any y < 0, Fn{y) — 
which achieves the proof of claim (1651) . 



To end the proof of Proposition 12.81 it remains to check (1661) which is the key 
estimate to iterate the process of extraction of elementary concentrations. By 
virtue of fl65l) and Cauchy-Schwarz's inequality 



^(i)'(r) dr 



<Vy\ 



L2- 



So to establish the key estimate fl66l) . it suffices in light of fl65l) to prove the 
existence of yo close to 1 such that for n big enough 

f.27r 



(6^ 



1 
2^ 



i^n{yo,0) dO 



>CAn 



where C is an absolute constant. For this purpose, we will again use capacity 
arguments. First, we define 



E: 



X E 



±Un{x) > Y 2a 



„(i) 



1 - 



£0 
10 



Ar 



Hence, En = E^ U E^ . Modulo replacing m„ by — m„, we can assume that f lM]) 
yields 



(69) 



|E+n5(x«,e-(i-2.o)a«A| > -^A'lEJ > ^A^e 



5o 



^0 ,2„-2aW 



iQ I I 



We also write m„ 
Introducing the set En D E:^ defined by 



K - Un and iPn = ip+ - ipn where > 0. 



En '■- 



X G 



- <(x) > 



we infer that we can choose so that for n big enough 



(70) 



E„n5(xl^),e-(^-'^o)""^) 



> 



B(x^:\ 
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Otherwise taking into account the fact that the values of the function on the 
ball B{xn\e~^^~'^^°'^°'"^), that we shall designate in what follows by B to avoid 



heaviness, varies at least from values larger than y 2an ■* ^1 — -j^ j Aq on fl B 



to values smaller than | y 2Q;n ■* Aq on a subset of B of Lebesgue measure greater 
than it comes from Proposition 13.181 that 



2 



y/\E+nB\ 

Therefore, we get by virtue of Lemma 12.51 and (169|) that 

||\77/ l|2 > '^^'^ 

II ^ "n||L2(B) — ' 
^0 

for n big enough which gives a contradiction. Hence (I70p holds. 

Since the measure of the ball 5(xi^\e- (1+2^0)""') is much smaller than the 
measure of B, we deduce the existence of z/q such that I — 2 eq < yo < 1 + 2£:o 
and ipniVoj ^) ^ \^ Aq for 6 varying over an interval of length at least tt. Hence, 
the limit of ip^ satisfies 



(71) ^^{yo)>^Ao. 

Now, we argue in a similar way to control ip~{yo) from above. Let be the 
set where m~ > 0. The values of Un on the ball B vary from values larger than 



\\l 2an'' Aq on fl B to negative values on E^ fl B. Using Proposition 13. 18[ we 



2 

deduce that 

,2 1 

10 



|VM„||i2(B) > 27r(iV2^^ A, 



1 VlB| 
log- 



A/|^nnB| 



which implies that \E^ nB| < |B|e ^^'^o. 



If -E" n B C -B(xn e"*^^"*"^^")""'), we are done. If not, there exists yi such 
that 1 — 2^0 < Z/i ^ 1 + 250 and ip~{yi,6) > for 6' varying over an interval 
of length of measure at most and n sufficiently large. As by construction 
llV'nllL"" < M, the limit of satisfies ip~{yi) < -^j^- Since, belongs to 
the Holder space C^^'^(R) and \yo — yi\ < 2eo, we deduce that 

if Eq was chosen small enough. Finally combining f lTT]) and ( 172|) . we infer that 



V^(l/o) = 'ip'^ivo) (z/o) > 



^0 
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which achieves the proof of the last point of Proposition 12.81 □ 

2.5. Iteration. Our concern now is to iterate the previous process and to prove 
that the algorithmic construction converges. We do not assume anymore that 
has only one sacle. Setting 



where {xn'^) is the sequence of points defined by fl58|) and 



My,0) = \hm (^_,a)«n)(e"""''cos^,e-""'^sin^) . 
Let us first prove that the sequence (rn ■*) satisfies the hypothesis of Theorem II .161 

By definition r^'^fx) = uJx) - g^n\x), where g^n\x) = \/# ^(i)( -i°gk-^i''h 

Noticing that gn^ Oin/f^ when n tends to infinity, it is clear in view of ( 129|1 
that 'Sn' converges weakly to as n tends to infinity. 

On the other hand, thanks to the invariance of Lebesgue measure under trans- 
lations, we have 



l|VMn|li2 = — / / \dyi,^{yM'dydd^^-^ \ I \deMy,o)\'dyde 
and 



2tt ./id. ./o 27r JM. JO 



liv^i^)|li. = ll^«'lli. 

Therefore 

f.27r 



Taking advantage of the fact that by (!6T|) 

dytpn ^ as n — !■ oo in L^{y,9), 

we get 

(73) hm ||Vr«||i. = lim ||V«„||i. - 

which implies that (r^i^'') is bounded in if^(]R^). 
Now since i'^^l^ q] ~ obtain for i? > 1 
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Taking into account of the fact that the sequence (xn^) is bounded as it was 
observed in Remarks II. 17^ we deduce that {vn^) satisfies the hypothesis of com- 
pactness at infinity (EI]) and so (rn ^) verifies the hypothesis of Theorem 11.161 

Let us then define Ai = hmsup„_^oo ||ri^'*||£. If Ai = 0, we stop the process. 
If not, we apply the above arguments to in^ and then along the same lines as 

j'2\ ('2') 

in Subsections \2.2\ 12.31 and 12. 4[ there exist a scale («« ), a core (xn ) and a 
profile ip^"^^ in V such that 



with ||-?/'(^)'||i2 > C Ai, C being the absolute constant appearing in fl66|) . This 
leads to the following crucial estimate 

umsup ||r„ Wfji ;^ i /1q n^. 

n—^oo 

Moreover, we claim that {an\xn\'ip'''^'') -L {an\xn\'ip'''^'') in the sense of the 
terminology introduced in Definition 11.151 In fact, if an^ _L an \ we are done. If 
not, by virtue of ffH]) . we can suppose that = = an and our purpose is 
then to prove that 

/_ . N log \ Xn xii I -.i I (^) I (2) 11 (■ 

(74) y a as n — 7- oo, with tp^ ' oi ' null for s < a . 

First of all assuming that _ !2il£2_i£2!_i _s. jgi; prove that the profile ip'^^^ is 
null for s < a. For this purpose, let us begin by recalling that in view of fl67|) we 
have for any / G ^^(M), 

[ [ r« f x^f) + (e-°" * cos A, e"""* sin A)) /(t)rft dX ^ [ V^^^) (t) 
2vra„ JrJo ^ ' Jr 

as n tends to infinity. 

Consequently for fixed e > we are reduced to demonstrate that for any 
function / G V(] — oo,a — e[), we have 

(75) lim [ [ /^Ux^^^ + {e-""' cos X,e-""' sin X))f{t)dtdX = 0. 
n^oo V 27ra„ Jo ^ ' 

To do so, let us perform the change of variables 
(76) 

(e"""' cos e-°"" sin Q) = x^^^-x^^^ + {e-''-'-^''^^ cos A„(s, ^), e-""*"("'^) sin A„(s, 6)). 
Denoting by J„(s, 6) the Jacobian of the change of variables (1761) . we claim that 
(77) tn^s,9)''-^ s, 
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and 
(78) 

uniformly with respect to {s, i 



Indeed, firstly we can observe that 



(79) 



-ant„{s,i 



e-""11 + e„(s 



oo, a — |] X [0, 2n]. 

= e-""^(l + o(l)), 



where 0n(s, 6) = e""''e *^z„, with Zn the writing in C of the point Xn^ —xifK But 
by hypothesis, we know that _!2iJ£2_z£2_l '^il^ q_ Then, there exists an integer 
such that for all n > N, 



-an(a+f) 



-a„(a-f) 



(80) e 

which according to fl7^ and the fact that t e] — oo,a — e] gives rise (for n > N) 
to 

This implies that s < a — | for big enough, and leads to fl79|) . We deduce that 

iog|i + e„(s,e)| 



^1 



tnis,6) = S- 



with \Qn{s, ^)| < e "'^ for s < a — I and n sufficiently large, which achieves the 
proof of (jTZj). Now, since ^ = a„6„ and ^ = -?©„, it follows that 



ds 

which easily implies that 
(82) 



< ariQ " and 



89 



< e 4 . 



where |o(l)| <e * fors<a — | and n big enough. 
Otherwise, taking account of fffB]) and flSTl) . we get 

i A„{s,6') 



(l + 0„(s,e)) 



|1 + 0n(s, 

which allows by straightforward computations to prove that 



^3) 



— = 0(1) and 



ds 



89 



l + oil] 



again with |o(l)| < e " for s < a — | and n big enough. Finally, the combina- 
tion of fl82l) and fl83l) ensures claim flTHl). 



Now, making the change of variables fj76|l . the left hand side of fj75|) becomes 
for n big enough 



4: = 



n J-oo Jo 



27r 



e""" ' cos ^, e-°" ' sin 9) /(t„(s, ^)) J„(s, ^) ds d9. 
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But, by definition 



r'^Hx) = Unix) 



27r 



— log \x — X 



(l)l 

n 



Thus 



1 

2^ 



oo Jo 



2n 




Un (x(,^) + (e-°" ' COS ^, e""" ' sin 9)) -i)^^\s)) f{tn{s, e)) J„(s, e)dsde. 



Remembering that in view of (1671) we have for any f eT>{ 
Un (x W + (e-""^ COS e, e-"-' sin 9)) f{s)dsde - 




27ra 
comi 

respect to (s, 6*) that 







it comes under the fact that tn{s,6) s and Jn{s,' 



^^'\s)f{s)ds, 
1 uniformly with 



J 71— >00 J- 



which concludes the proof of the fact that ip^'^'^ is null for s < a. 



To achieve the proof of (jZlj), it remains to show that the sequence 

log \xi 



is bounded and so, up to a subsequence extraction, it converges. Indeed, on one 
hand by virtue of Remark [1.171 the sequences of cores {xn^) and {xn^) are bounded 
which ensures the existence of a positive constant M such that tn < On 
the other hand, there is 7 > such that 



^4) 



X, 



(1) _ ^(2) 



xi:> > e 



(2) 

for n big enough. In effect, by construction Xn is chosen so that there exist an 
absolute constant C and to > such that 



1 

2^ 








COS A, e-""*» sin A) rfA 



for n sufficiently large, which can be written by designating Xn^ — Xn^ by Wn 



1 

2^ 



2tt 



- log |e ""*oe'^ - w„ 



Or 



Or 



d\ 



and implies that \ip^'^\to)\ > CAi . Since if)^'^'' is continuous, there exists 5 > 
such that for t G [to — 5, to + 5] , we have 



C 
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According to flB7|) . we deduce that if / is a positive valued function belonging to 
^^([^0 — to + 6]) and identically equal to one in [^o — f , + f ], then for n large 
enough 
(85) 



1 rto+o r^T^ , . 

y rW [x^^^ + (e-"" * COS A, e"""* sin \)jfit)dt d\ 



C5 , 
- 2 ^ 



Now if claim fl84|) does not hold, then e ^"^^Wn — 0. This yields along the 

same lines as above making use of the change of variables fl76|) to 



I ^ I r(,^^fa;(f) + (e-""*cosA,e-""*sinA)VWt^^t^A->0, 
2vran JtQ~5 Jo ^ ^ 

which contradicts fl85|) . Thus, there exists an integer A^^i such that for all n > Ni 

log M 

(86) -l<tn< 



and then if £ denotes the limit of the sequence (t„) (up to a subsequence extrac- 
tion), we have necessary i = —a with < a < 7. This ends the proof of the 
orthogonality property flTl]) . 

Finally, by iterating the process we get at step i 



i=i 
with 

nmsup ||r„ ;^ i /Iq ^1 ^£-1 • 

71— >00 

Therefore — )■ as £ — 00 which achieves the proof of the asymptotic decom- 
position 



2.6. Proof of the orthogonality equality. To end the proof of Theorem 1 1.1 61 
it remains to establish the orthogonality equality fl33|) . Since in an abstract 
Hilbert space H, we have 

e e 

II X^^illi = X] ll^ill/f + (^i' ^k)H ' 
i=i i=i jVfc 

we shall restrict ourselves to two elementary concentrations, and prove the fol- 
lowing result. 
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Proposition 2.10. Let us consider 

r ( ^ , /-log|x -a;„|\ 
Jn{x) = xh^vi and 



/3„ f-\og\x-yn\ 



9n[x) = \—V 




2vr ^ V Pn 



where a, P are two scales, x, y are two cores and ip, ip are two profiles such that 
{a,x,ip) _L {I3,y,ip) in the sense of Definition \1.1R Then 

(87) ||V/„ + VgnWh = l|V/„||i2 + ||V^„||i2 + o(l), as n ^ oo. 

Proof. To prove (IHTl) it suffices to show that the sequence J„ := (V/n, V(7„)^2 
tends to zero as n goes to infinity. Using density argument (see Lemma [1.141) and 
the space translation invariance, we can assume without loss of generality that 
y = and ip,ip &V . Write 

1 f , , /— log |x — X„| \ ,/— log|x|\ X X — Xn 

I ^'l ^ . ^ • 1 ^dx 



1 /■ ,,/-log|x|\ , ( -\o<g\x ^ Xn\\ X X + , 

^ : ^ o TZ^. ■ T——l^ dx. 



The change of variable \x\ = r = e~""* yields to 
(88) 

1 r [^^ , , /-log|e-""V^ + x„|\ e'^ + e""^a;„ , ,^ 



2vrV/3„7o io V /3n / |ei^ + e""^x„|2 

According to the definition of the orthogonality, we shall distinguish two cases. 
Let us assume first that a = B, — — )■ a > and that is null for s < a. 
Taking advantage of the fact that ip' G L'^{[a,oo[), we infer that for any e > 
there exists a < b < B such that 

||^'||L2(a<.<b) < £ and Wip'WL^syB) < e. 
We decompose then J„ as follows 

In = Jn + Kn := / ^ fn{x) ■ V gn{x) dx + ■ 

J \c-Boin<i\x\<e-b°'n\ 



Clearly, \Kn\ < e and 



Now, since — i^^siiiil a > , we get for all s > a. 
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Likewise for any b > a and n large enough, 



e*"" \xn\ — I > T^e'^"" \xn\ uniformly in s G [6, oo[. 



Hence 



\Jn 



< 



< 




\fis)\ 



'b Jo 

1 

gfea„ 1 2; 



, / — log |e ""■'e''^ + X. 



Olr. 



ds d9 



^ 0. 



The second case a -L P can be handled in a similar way. Indeed, assuming that 
a -L l3 and —^-2^^ _!. ^ > g, we get (for 77 > small enough and n large), 

(89) e-{'^+ri)'^n < < e-("-'')"" . 

If a = 0, we argue exactly as above to obtain 



IJ I < . — 



an 1 



(3n e^^-'')"" 
If a > 0, we decompose J„ as follows 



00 r,oo 



-> 0. 



J n 



+ 



1 fa. 
1 fa. 



a—S [•2-K 



n Jb Jo 

a+5 p2-K 



log |e"""''e'^ + 



X 



elO _[_ ^OL^S ^ 
■ " I 1 i[7 ~r c X 

1 gl>7 



n Ja-<5 Jo 
B /.27r 



log |e"""^e^^ + x„ I \ ig e^'' + e""''x^ 



^ 1 Ian 
= 7I _)_ 72 I 73 



/3. 



I gf^Ti^^ 1 2 

Ad I ^Cfr, 



ds dO 



, / - log |e ""''e''^ + x„| \ e'^ + e^^^'x. 



e'" ■ r-T ^ ds dO 



where 5 > is a small parameter to be chosen later. Clearly 

provided that rj < 6. Besides, by Cauchy-Schwarz inequality (as for the term 
Kn), we have \ J^\ < e for 6 small enough. It remains to deal with the first term 
J^. Using estimate f lS^ . we get for 77 < 5 and b < s < a — 6, 



Therefore 



I '^n I ~ '\ / 

Pn Jb Jo 



a—S /•2iT 



\^'is)\ 



, / — log |e ""■'e + X 



If ^ — )■ 0, we are done thanks to the estimate 

Pn 



Pn 



ds dO . 
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If not, the integral is null for n large enough which ensures the result. Indeed, 
in view of fl89l) and the fact ^ oo, we have for b < s < a — 6 

-log|e-°""e'^ + x„| a„ 

^ >b — + o{l) ^oo. 

Pn Pn 

Since ip E V, we deduce that for n large enough ip' ^ ~'°gl^ ^" _ 

thus is null. The proof of Proposition 12. lOl is then completely achieved. □ 

3. Appendix 

3.1. Appendix A: Comments on elementary concentrations. In this ap- 
pendix, we will present some more general examples than the one illustrated in 
Lemma [1.181 But first recall the following relevant result proved in |39j . 

Lemma 3.1. We have the following properties 

• Lower semi- continuity: 

Un ^ u a.e. =^ ||'u||£ < liminf 

n— >oo 

• Monotonicity: 

\ui\ < \u2\ a.e. =^ \\ui\\c < \\u2\\c- 

• Strong Fatou property: 

0<Un/'u a.e. =^ \\un\\c \\u\\c- 

The first example is of type fa„ o f- More precisely, we have the following 
result. 

Proposition 3.2. Let ip eV, (a;„) a scale and set 

V /vr V a„ / 

where (f : — > is a global diffeomorphism vanishing at the origin and 
satisfying 

(90) det (Dv?"^) G and ||D(^||gL°°. 
Then 

f \ ^ I f~^^S\^\\ ■ r 
9n[x)^ \ — %)[ m L. 

Remark 3.3. Assumption (19 Op is required to ensure that the sequence (gn) is 
bounded in H^, converges strongly to in and satisfies liminf ||5'n||/: > 0. 

n—^oo 

Proof of Proposition \3.2[ Assumption fl^U]) ensures that ||D(y9~^|| G L°°. Hence, 
one can write 

(91) ,|T^ < < IID'^IU-I^I- 




|D(^-i| 



L°° 
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Let us first assume that the profile ip is increasing and set 



39 



Wn{x) = gn[x) - \ —V[ 

ZTT \ (Xr 



/ -log|x| \ 

V Or, / 



Therefore, we get 
where 

wl{x) = 
wl{x) = 

with Ai = ||D(^||i^ and A2 - ||d^-i||^^ 




2n 



wl{x) < Wn{x) < wl{x) 

log Ai|x 




log A2|x| 




Or. 



ttn ^/-log \x\ 

2% V an 
a„ ^/-log |x| 
2n \ a„ 




1 



We deduce that for all x G 



\Wn{x)\ < \wl^{x) \ + \wl{x)\ < + \ wl{x) 

which ensures the result in the same fashion than in Lemma II. 181 



To achieve the proof of the proposition, it suffices to remark that any profile ip 
can be decomposed as follows 



dr 



Since ipi and ip2 belong to the set of profiles V and are increasing, the result 
follows from the first step. □ 

By taking some particular sequences of diffeomorphims, we derive other exam- 
ples as follows. 

Lemma 3.4. Let us define the sequence (ua) by 

Ua{x) = fa (Aq,x) , 

where (A^) is a sequence 0/ 2 x 2 invertible matrix satisfying 



(92) 
(93) 

(94) 
Then 

with La(s) 



a\ det Ar 



00, 



I AqII^ < I det AqI and 



log I det A„|^/2 



a 



a 



Ua[X) 

L(s — a). 




271 



a > 0, a — )■ 00. 
- log \x\ 



a 



in C , 
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Proof of Lemma [3^ Note that assumption fl^ implies that the sequence (ua) 
converges strongly to in L^, while the second assumption (193|) tell us that (V Ua) 
is bounded in L^. It follows that (ua) converges weakly to in H^. To show that 
the sequence (ua) does not tend to in the Orlicz space C, we first remark that 
thanks to the simple inequality |Aax| < ||Aq|||x|, we have 

Fa' e~" 
Ua[xj = \ — if fI < 



Therefore, if 



then 



271 ' ' - IIA. 



e ^ — 1 I dx < K, 



27T I " ( e2irA2 — 1 ) r dr < K 



Taking advantage of fl93|) . we deduce that 



27T log(l + Ce2°|det A^|)' 
for some absolute positive constant C. This leads by means of f l94|) to 

1 



liminf IImqH/: > 



2A/7r(l + a) 

Our aim now is to prove that the sequence (ua) behaves like the sequence 




j^ -log \x\ ^ 



a z'— log|a;| 



in the sense that the difference goes to in the Orlicz space £ as a tends to 
infinity. For this purpose, we shall use the following elementary result from linear 
algebra. 

Lemma 3.5. Let A be a 2 x 2 invertible matrix. Then 
(95) ||A-i - 



I det A| 

Now combining Lemma [3.51 together with assumption flU5]) . we infer that 
^1 det A^ 1^/2 < \ |x| < |A„x| < ||A„|||x| < CldetAX^"^ 



C" ' '- ||A„„ 

Reasoning exactly as in Proposition 13. 2[ it comes in light of (192|) that 

ll^a — Va\\c ^ 0, a — )■ OO, 

where 



x\ 



I \ T /""logka^; P\ . , , , A 11/2 

Vc^yx) = \ \ — \j with Oq, = IdetA^I ' , 

V 27r y a J 

which leads to the result. □ 
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3.2. Appendix B: Proof of Proposition [TTT^ The proof goes the same hnes 
as the proof of Proposition 1.18 in [9J, but before entering into the details, let us 
show the relevance of the orthogonality assumption between the scales. For that 
purpose, we shall treat a simple example. 



Lemma 3.6. Let (q;„) be a scale, and set 

log |a;| 



Un{x) 



27r 



ar, 



2n 



log I X — 



= fnix)+gnix), 

where Li(s) = L(s — 1), and |x„| = ^e~"". Then, we have 
(96) liminf > — ^ = max f lim lim 

71— >oo v47r V n— ^oo n— >oo 

Proof of Lemma \3.6[ Recall that, by definition of L, we have 



fn{x) 



2-K 



log 1^1 



if Ixl < e 



if e""" < Ixl < 1, 



if Ixl > 1, 



and 



gn[X) 



2lT 



if 



-2«„ 



log 

\/2-KCtn 







- if 



-2«„ 



2-K 



if |x — x„| > e 



It follows that, Ur,{x\ = l^fW- for \x — Xr\ < e Hence, if 



2-K 



[ fel^^l^ - l) rfx < 



then 



which implies that 



271 



— 1 I r dr < 



2ar. 



1 



— > 



Trlog (l + fe^"") 27r' 
and concludes the proof of the Lemma. 



□ 



Let us now go to the proof of Proposition 11.191 To avoid heaviness, we shall 
restrict ourselves to the example hn{x) := a jaS.x — x„) + h f^^ [x] where a, h are 
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two real numbers, ^ (/3„) are two orthogonal scales and (xn) is a core such 
that 



(97) 

Our purpose is to show that 



log|x„| 



hn\\c 



M 



^ / > 0. 



as n — )■ cxD, 



where M := sup(|a|, Let us start by proving that 

M 



(98) 
By definition 



liminf H/^-nlU > 



Air 



hn{x) = b\^ + afa,Xx-Xn), if |x|<e^". 
V Zn 



Since < fa^i^ — x„) < and (a„) ^ (/3n), we deduce that for n large 

enough and |x| < e~^" 



V ZTT 



Therefore, if A is a positive real such that 



(99) 
then 

(100) 

This implies that 



e 



1 ] dx < K . 



-7¥ 



1 \ dx < K. 



{|x|<e-'3'i} 



'On 
2-K 



and thus 
(101) 



27rlog(l + Ce2/3-) 47r 
liminf ||/in||£ > ^ ^ 



62 



47r 



To end the proof of fl98l) . it remains to establish that 



(102) 



liminf ||/in|U > 



47r 
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For this purpose, we shall distinguish the case where I = lim 

n— >oo 

the one where I 1. 



log \Xr, 



1 from 



a. 



Let us begin by the most delicate case where / = 1 and fix 5 > 0. Clearly, there 
exists an integer N such that for all n > 



(103) 

Now, let us consider the set 



< |x„| < e^ 



-an(l-<5) 



K := {x e 



< e-""(i+2'5) and > e"'^"}. 

In view of f llOSp . the reverse triangle inequality implies that \x\ > le~""(^+^) for 
all X E and n big enough. We deduce that 



\hn{x)\ > \a\J— + \b\—== 
V 27T V27r/3n 



> \a\ 




\b\ 



a„(l + ,5 + o(l)) 



> a 




(1-I°(l)l), 



for all X E Ef^ and n sufficiently large. Consequently, if estimate ( 1^ holds, then 



(104) 

which leads to 



— 1 dx < K,, 



(i^iv^(i-i°a)i))' _ a' 

log (1 + Ce2"4i+25)) 47r(l + 26) 



+ o(l) 



and ensures that 



liminf |l/iri||£ > 



VI + 25 V47r 
This achieves the proof of fll02p by letting 5 to 0. 

The case where / ^ 1 can be handled in a similar way once we observe that for 
n large enough there exists a positive constant c such that 



\hn{x)\ > \a\J — + \b\—== 
V 27r v27r/3„ 



> C O , =, 



for X e En = {x e M?; |e < |x — x„| < e °" and |x| > e ^"}. 

In the general case, we have to replace fllOOp and (11041) by i estimates of that 
type. Indeed, assuming that -jfrrj ~^ when n goes to infinity for j = 1, 2, / — 1, 
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we replace f ITUU]) and fniM|) by the fact that 

( -1] dx < K, 

and for j = 1, — 1 



|x— a;„'|<e 



(106) y ^ (^e^^ - Ij dx < K, 
in the case where I = hm ^ ^ " ^ 7^ 1 with 

E^'^ = {x G ^e"""' < < e"""' and {x-x^^'^l > e"""'' for j + 1 < f < 

or 

(107) / e^^ -\ \ dx < K 



in the case where / = hm ^ ^ " ^ = 1 with 

n— >oo 

E^/'^ = {xe R^; Ix-xl^^l < e-(i+2'5)""' and {x-x^/'^l > e"""'' for j+1 < f < 1} 

Our concern now is to prove the second part, that is 

M 



(108) hmsup ll/^-nlU < 

n— >oo 

To do so, it is sufficient to show that for any > small enough and n sufficiently 
large 

(109) \ fe^l'^"^^)!^ -\\dx< K. 

Actually, we will prove that the left hand side of fllOOp goes to zero when n goes 
to infinity. For this purpose, write 

(47r-?7) 2 ^^-V 2, I n2 47r-r7 2. / ^2 

—J^K{x)\ = -j^a f^,Xx-Xn) +^^b fp„{x) 

All — Tj 

+ 2 ah fa„ {x - Xn) //3„ (x) 

(110) := An + Br^ + Cn. 

The simple observation 

= (e- _ 1) (eJ' - 1) (e^ - 1) + (e" - 1) (e^ - 1) 
+ (e" - 1) (e^ - 1) + (e^ - 1) (e^ - 1) 
+ (e" - 1) + (e^ - 1) + (e^ - 1) , 
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yields 



e M 



-l)dx = J (e^" - 1) (e^- - 1) (e^" -!)+/(' 

+ J (e^" - 1) (e^" - 1) + / (e""" - 1) (e""" 
+ 1 (e^" - 1) + / (^''" - ^) + / ("""^ - ^) 



1) (e^" - 1) 
1) 



We will demonstrate that each term in the right hand side of f illip tends to zero 
as n goes to infinity. Let us first observe that, by Trudinger-Moser estimate (|5]), 
we have for e > small enough 

(112) 



e^"-l 


+ 


e^" - 1 


—7-0 as n — )• oo 











Concerning the last term in (lllip . we infer that for any 7 > 
(113) [ (e^^«"(^-^")^/3n(^) -I) dx^O, n^oo. 

Indeed 



J\x\<e-fri 

+ [ (e^^'^"(^-^")^'3"(^) - 1) dx. 



(114) 



The first integral in the right hand side of f lll4p is dominated by vre ^'^^ ea^^v^""/^"^ 
which tends to zero as n goes to 00. The second integral can be estimated by 



27r 



If 27r V 



1 I r dr = 2n 



1 



9 21 



1 e 

2 ^ ^ 



2/3„ 



-/3n 2- 



7 / 5n 
27r V 3n 



2 - ^ 

^ 27r- 



/3n ^ 2TT\j I3„ 

which also tends to zero as n — )■ 00. This gives flllSp as desired. 

Making use of Holder inequality, f lll2p and (11131) . we get (for e > small 
enough) 

J (e^- - 1) (e^- - 1) + / (e""" - 1) (e""" - l) < 



< 


e^" - 1 




e^" - 1 










+ 


e^" - 1 




e^" - 1 











: ^0 



Now, we claim that 



(115) 



j (e^" - 1) (e^" - 1) -> 0, 



n ^ 00 . 
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The main difficulty in the proof of flllSp comes from the term 



/ (e^" - 1) (e^" - 1) < e"""^ [ 

J ( e-l^ri<\x\<e-°'ri \ Je- 



(4,7T-v)bf , 2 



{e-^n<|a;|<e-"n } Je-Pn 

where we have used the simple fact that {fa„{x — a;„))^ < The fact that 

(4,r-„)a2a„ H (i^-r,)b^ ,2 ^ 

Je-'3n 

is an immediate consequence of the following variant of Lemma 2.8. proved in 

m. 

Lemma 3.7. Let (an) ^ (/3n) two orthogonal scales, and < p,q < 2 two real 
numbers. Set 

K„ = eP"" / e^^rdr. 

Then K„ — )■ as oo. 

Finally, since for e > small enough flll5p holds with An and -B„ replaced by 
(1 + e)An and (1 + e)-Bn5 the ffist term in fillip can be treated by the use of 
Holder inequality, flllSp and flllSp . 

Consequently, we obtain 

n, n M 

limsup ||/;.nlk < , 

n-i-oo V 4:71 

which ensures the result. 



In the general case we replace (lllOp . by i + ^^^j^ terms and the rest of the 
proof is very similar. This completes the proof of Proposition 11.191 



3.3. Appendix C: Rearrangement of functions and capacity notion. In 

this appendix we shall sketch in the briefest possible way all useful, known results 
on rearrangement of functions and capacity notion which are used in this article. 

We start with an overview of the rearrangement of functions. This topic mixes 
geometry and integration in an essential way. It consists in associating to any 
measurable function vanishing at infinity, a nonnegative decreasing radially sym- 
metric function. This process minimizes energy, preserves Lebesgue norms, and 
possesses some other useful and interesting properties that will be given later. 

To begin with, let us first define the symmetric rearrangement of a measurable 
set. 
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Definition 3.8. Let A G M."^ be a Borel set of finite Lebesgue measure. We define 
A*, the symmetric rearrangement of A, to be the open ball centered at the origin 
whose volume is that of A. Thus, 

A* = {x : \x\ < R} with {\S'^-^\/d) = \A\ , 

where is the surface area of the unit sphere S"^'^ . 

This definition allows us to define in an obvious way the symmetric-decreasing 
rearrangement of a characteristic function of a set, namely 

X*A ■= Xa* ■ 

To define the rearrangement of a measurable function / : M'^ — )■ M, we make use 
of the layer cake representation which is a simple application of Fubini's theorem 



\f{x) \ = / X{\f\>t}{x) dt . 
Jo 

More precisely 

Definition 3.9. Let f : M.'^ ^ C be a measurable function vanishing at infinity 
i.e. 



{x : |/(a;)|>t} 



< oo - 



Vt > 0, 

We define the symmetric decreasing rearrangement, f*, of f as 

POO 

(116) r(x)= / xhi>t}ix)dt. 

Jo 

In the following proposition, we collect without proofs the main features of 
the rearrangement /* (for a complete presentation and more details, we refer the 
reader to [23 ESI SS] and the references therein) . 

Proposition 3.10. Under the above notation, the following properties hold: 

• The rearrangement f* of a function f is a nonnegative radially symmetric and 
nonincreasing function. 

• The level sets of f* are the rearrangements of the level sets of\f\, i.e., 

{x : f*{x)>t} = {x : \f{x)\>tr. 

In particular, we have 

(117) \{x : \f{x)\>t}\ = \{x : f*{x)>t} 

where \ ■ \ denotes the Lebesgue measure. 

• // $ : M — )■ M non- decreasing, then 

(118) ($(/))* = $(/*). 

• If ^ is a Young function, i.e., $ : [0, oo[— > [0, oo[, $(0) = 0, $ zs increasing 
and convex. Then 



$ (|Vm(x)|) rfx > / $(|Vm*(x)|) rfx. 

jRd 
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In particular, we derive from Proposition 13.101 that the process of Schwarz 
symmetrization minimize the energy and preserves Lebesgue and Orhcz norms: 

Proposition 3.11. Let f G H^R"^) then 

11V/1U2 > iivriu^, 

\C = \\f*\\c- 

Let us now focus on the notion of the (electrostatic) capacity giving the ele- 
ments used along this paper (a detailed exposition on the subject can be found 
in [22] for example). Before moving on the useful results, let us recall the basic 
definitions. 

Definition 3.12. Let A C M*^. The capacity of A is defined by 

(119) Cap(A) = inf <^ || f ll^imd-j ; ^ ^ 1 a.e. in a neighborhood of A > . 

In some cases, we need to use the relative capacity defined as follows: 

Definition 3.13. Let Q be an open bounded set o/M'^. For any subset A of VL, 

we define the capacity of A with respect to Vt by 

(120) 

c.„<.,^.{/,v.V.. ........... 

To handle in a practical way the relative capacity, we will resort for A dVt io 
the following closed convex subset of HliVt): 

Ta = I ^ -^o(^) ; 3 t>„ -> t>, t>„ > 1 a.e. in a neighborhood of A | . 

This set involves in the calculation of capacity through the capacitor potential 
defined as follows: 

Definition 3.14. Suppose that Ta is non empty. The capacitor potential of A, 
ua, is the projection of on Ta with respect to Hq{Q) norm, namely 



j |VM^P = inf| j \\/v\^ ] V CLTaY 



The following theorem allows to compute ua and Capj^(yl). 

Theorem 3.15. Let A dVL. Under the above notation, we have 
.Cap^(A) = /jVw^P, z/r^^0. 
• Ua is harmonic in VL\A. 

As an application, we deduce the capacity of balls. 

Proposition 3.16. Let < a < b. Then 

(121) Cap5(,) (S(a)) = , 

log (-) 

where B{r) denotes the ball o/M^ centered at the origin and of radius r. 
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Proof. According to Theorem 13.151 we have 



CapB(fe) (5(a)) = / \Vua{x)\Ux 

J\x\<b 



where Ua solves the following problem 

Aua = if a < |a;| < 6, 
Ua = if |x| = b, 
Ua = I if < a. 

Straightforward computation yields to 

log ^'^ 



Ua(x) = \ ■ / a < Ixl < 6. 

log (A) 

which ensures the result. □ 

The following lemma shows that the example by Moser fa is the minimum 
energy function which is equal to the value on the ball -8(0, e~") and which 
vanishes outside the unit ball. 

Lemma 3.17. Let a > and set 

Ka:=[ueHl,,{B{l)y, u{x)>^ tf |x| < e"" } . 

Then 

(122) inf llVwIli. = 1. 

Proof. Consider the following problem of minimizing 

I[u] := \\Vu\\l2(^Bii))^ 

among all the functions belonging to the set Kc,. Since Ka is a closed convex 
subset of Hq j.^^{B{l)), we get a variational problem with obstacle. It is well 
known (see for example, L. C. Evans [16] and Kinderlehrer-Stampacchia [30]) that 
it has a unique minimizer u* belonging to W'^'°°{B{1)), and which is harmonic 
in the set {e~° < < 1 }. Hence u*{x) = a log |a;| for e~° < |x| < 1 with some 
negative constant a. Since u*{e~°') > s/^, we get —a > ^^^^ . Therefore 

dx 



V* Il2 \ 2 
u \\i2 > a 



e-<»<|a;|<l 



\X\ 



> 2'7ra^a 

> 1. 

The fact that ||V/q||^2 = 1 concludes the proof. □ 

We end this section by the following useful result which estimates the minimum 
energy of a function according to the variation of its values. 
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Proposition 3.18. Let B a hall o/M^, and Ei, E2 two subsets of B such that 

< l^il < 1^2! < |5| and \Ei\ + \E2\ < \B\ . 
Let < a2 < ai, and set 

K := I M G H^{B); \u\ > ai on Ei and \u\ < 02 on -E2 | • 

Then, for all u E K, we have 

(123) \\^u\\l2 > 



2 ^ 47r(ai - 02)^ 



Proof. Using Schawrz symmetrization, we can assume that 

B = B{R), El = B{ri), and E2 = { rs < \x\ < R}, 

where < ri < r2 < R. Arguing exactly as in the proof of Lemma 13.17^ we 
obtain 

2 

ai — a2\ f dx 



inf ||VM||i2 II 
47r(ai - 02)^ 



> 



> 



47r(ai - 02)^ 



log 



M 

\Ei\ 



□ 



Acknowledgments. We are very grateful to P. Gerard, L. Mazet and E. Sandier 
for interesting discussions around the questions dealt with in this paper. 



References 

[1] S. Adachi and K. Tanaka, Trudinger type inequalities in M.^ and their best exponents, 
Proceedings of the American Mathematical Society, 128 (7) (2000), 2051-2057. 

[2] D. R. Adams, A sharp inequality of J. Moser for higher order derivatives, Annals of Math- 
ematics, 128 (2) (1988), 385-398. 

[3] Adimurthi and O. Druet, Blow-up analysis in dimension 2 and a sharp form of Trudinger- 
Moser inequality. Communications in Partial Differential Equations, 29 (2004), 295-322. 

[4] Adimurthi and K. Tintarev, On compactness in the Trudinger- Moser inequality, 
arXiv: 11 10.3647, (2011). 

[5] H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Dif- 
ferential Equations, Grundlehren der mathematischen Wissenschaften, Springer, (2011). 

[6] H. Bahouri, A. Cohen and G. Koch, A general wavelet-based profile decomposition in the 
critical embedding of function spaces, Confluentes Mathematici, 3 (3) (2011), 1-25. 



LACK OF COMPACTNESS. 



51 



[7] H. Bahouri and I. Gallagher, Weak stability of the set of global solutions to the Navier- 

Stokes equations, arXiv: 1 1094043 , (2011). 
[8] H. Bahouri and P. Gerard, High frequency approximation of solutions to critical nonlinear 

wave equations, American Journal of Math, 121 (1999), 131-175. 
[9] H. Bahouri, M. Majdoub and N. Masmoudi, On the lack of compactness in the 2D critical 

Sobolev embedding, Journal of Functional Analysis, 260 (2011), 208-252. 
[10] J. Ben Ameur, Description du defaut de compacite de I'injection de Sobolev sur le groupe 

de Heisenberg, Bulletin de la Societe Mathematique de Belgique, 15 (4) (2008), 599-624. 
[11] H. Brezis and J. M. Coron, Convergence of solutions of H- Systems or how to blow bubbles, 

Archiv for Rational Mechanics and Analysis, 89 (1985), 21-86. 
[12] H. Brezis and S. Wainger, A note on limiting cases of Sobolev embeddings and convolution 

inequalities. Communications in Partial Differential Equations, 5 (1980), 773-789. 
[13] L. Carleson and A. Chang, on the existence of an extremal function for an inequality of J. 

Moser, Bulletin des Sciences Mathematiques, 110 (1986), 113-127. 
[14] A. Gianchi, A sharp embedding theorem for Orlicz- Sobolev spaces, Indiana University Math- 
ematics Journal, 45 (1996), 39-65. 
[15] D. E. Edmunds, R. Kerman and L. Pick, Optimal Sobolev imbeddings involving 

rearrangement-invariant quasinorms. Journal of Functional Analysis, 170 (2000), 307-355. 
[16] L. C. Evans, Partial differential equations. Graduate studies in Mathematics AMS, (1998). 
[17] M. Flucher, Extremal functions for the Trudinger- Moser inequality in 2 dimensions, Com- 

mentarii Mathematici Helvetici, 67 (1992), 471-479. 
[18] N. Fusco, P.-L. Lions and C. Sbordone, Sobolev imbedding theorems in bordeline cases, 

Procedings of the American Mathematical Society, 124 (1996), 561-565. 
[19] P. Gerard, Description du defaut de compacite de I'injection de Sobolev, ESAIM: Con- 
trol, Optimisation and Calculus of Variations, 3 (1998), 213-233 (electronic, URL: 

|htt p://www.emath.fr/cocv/) . 
[20] K. Hansson, Imbedding theorems of Sobolev type in potential theory, Mathematica Scandi- 

navica, 45 (1979), 77-102. 
[21] J. A. Hempel, G. R. Morris and N. S. Trudinger, On the sharpness of a limiting case of 

the Sobolev imbedding theorem , Bulletin of the Australian Mathematical Society, 3 (1970), 

369-373. 

[22] A. Henrot and M. Pierre, Variations et optimistation de formes, Mathematiques et appli- 
cations. Springer, 48, (2005). 

[23] S. Ibrahim and M. Majdoub, Comparaison des ondes lineaires et non lineaires a coefficients 
variables. Bulletin de la Societe Mathematique de Belgique, 10 (2003), 299-312. 

[24] S. Ibrahim, M. Majdoub, and N. Masmoudi, Double logarithmic inequality with a sharp 
constant. Proceedings of the American Mathematical Society, (2007) 135 (1), 87-97. 

[25] S. Ibrahim, N. Masmoudi, and K. Nakanishi, Trudinger- Moser inequality on the whole 
plane with the exact growth condition, arXiv:1110.1712, (2011). 

[26] S. Jaffard, Analysis of the lack of compactness in the critical Sobolev embeddings. Journal 
of Functional Analysis, 161 (1999), 384-396. 

[27] C. E. Kenig and F. Merle, Global well-posedness, scattering and blow-up for the energy 
critical focusing non-linear wave equation. Acta Mathematica, 201 (2008), 147-212. 

[28] S. Keraani, On the defect of compactness for the Strichartz estimates of the Shrddinger 
equation. Journal of Differential equations, 175 (2001), 353-392. 

[29] S. Kesavan, Symmetrization & applications. Series in Analysis, 3, World Scientific Pub- 
lishing Co. Pte. Ltd., Hackensack, NJ, (2006). 

[30] D. Kinderlehrer and G. Stampacchia, An introduction to variational inequalities and their 
applications. Academic Press, (1980). 

[31] H. Kozono and H. Wadade, Remarks on Cagliardo-Nirenberg type inequality with critical 
Sobolev space and BMO, Mathematische Zeitschrift, 259 (2008), 935-950. 



52 



HAJER BAHOURI, MOHAMED MAJDOUB, AND NADER MASMOUDI 



[32] Elliott H. Lieb and Michael Loss, Analysis, Graduate Studies in Mathematics, American 

Mathematical Society, 14, (1997). 
[33] C. Laurent, On stabilization and control for the critical Klein-Gordon equation on a 3-D 

compact manifold, to appear in Journal of Functional Analysis. 
[34] P.-L. Lions, The concentration- compactness principle in the calculus of variations. The 

limit case. /., Rcvista Matcmtica Ibcroamcricana, 1 (1985), 145 201. 
[35] P.-L. Lions, The concentration- compactness principle in the calculus of variations. The 

locally compact case Annales de I'lnstitut Henri Poincare Analyse Non Lineaire, 1 

(1984), 109 145. 

[36] M. Majdoub, Qualitative study of the critical wave equation with a subcritical perturbation, 

Journal of Mathematics Analysis and Applications, 301 (2005), 354-365. 
[37] J. Maly and L. Pick, An elementary proof of sharp Sobolev embeddings. Proceedings of the 

American Mathematical Society, 130 (2002), 555-563. 
[38] J. Moser, A sharp form of an inequality of N. Trudinger, Indiana University Mathematics 

Journal, 20 (1971), 1077 1092. 
[39] M.-M. Rao and Z.-D. Ren, Applications of Orlicz spaces, Monographs and Textbooks in 

Pure and AppUed Mathematics, 250 (2002), Marcel Dekker Inc. 
[40] B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in M^, Journal of 

Functional Analysis, 219 (2005), 340-367. 
[41] I. Schindler and K. Tintarev, An abstract version of the concentration compactness prin- 
ciple, Revista Math Complutense, 15 (2002), 417 436. 
[42] S. Solimini, A note on compactness-type properties with respect to Lorentz norms of bounded 

subset of a Sobolev space, Annales de I'lHP analyse non lineaire, 12 (1995), 319-337. 
[43] M. Struwc, A global com,pactness result for boundary value problems involving limiting 

nonlinearities, Mathematische Zeitschrift, 187 (1984), 511-517. 
[44] M. Struwe, Critical points of embeddings of Hq'^ into Orlicz spaces, Annales de I'lnstitut 

Henri Poincare Analyse Non Lineaire, 5 (1988), 425 464. 
[45] M. Struwe, Global well-posedness of the Cauchy problem for a super- critical nonlinear wave 

equation in two space dimensions, Mathematische Annalen, 350 (2011), 707-719. 
[46] G. Talcnti, Inequalities in rearrangement invariant function spaces. Nonlinear analysis, 

function spaces and applications, 5 (1994), 177-230. 
[47] T. Tao, An inverse theorem for the bilinear Strichartz estimate for the wave equation, 

arXiv: 0904-2880, (2009). 
[48] N.S. Trudinger, On imbedding into Orlicz spaces and some applications. Journal of Applied 

Mathematics and Mechanics, 17 (1967), 473-484. 

LAMA UMR CNRS 8050, Universite Paris-Est Creteil, 61, avenue du General 
DE Gaulle, 94010 Creteil Cedex, France. 
E-mail address: hbaliouri@inath.cnrs.fr 

University of Tunis ElManar, Faculty of Sciences of Tunis, Department of 
Mathematics. 

E-mail address : mohamed . ma j doubQf st . rnu . tn 



New York University, The Courant Institute for Mathematical Sciences. 
E-mail address: inasinoudi@couraiit.nyu.edu 



